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Wklv sdshu vwxglhv wkh hpslulfdo surshuwlhv ri d g|qdplf uhsuhvhqwdwlyh0djhqw
prgho zklfk glvsod|v h￿hfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ri frqvxpswlrq
ryhu wlph1 Vshfl￿fdoo|/ L lqyhvwljdwh zkhwkhu wkh g|qdplf prgho fdq uhsolfdwh wkh
revhuyhg phdq dqg wkh vwdqgdug ghyldwlrq ri wkh X1V uhdo uhwxuqv lq wkh 4;;<0
4<<8 shulrg1 Iluvw/ wkh lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq ri frqvxpswlrq
lpsolhg e| wkh prgho vwdwlvwlfdoo| ￿wv wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Vhfrqgo|/
frpelqhg h￿hfwv ri vxevwlwxlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq qhduo| vroyh
wkh htxlw| suhplxp dqg wkh ulvn0iuhh udwh sx}}ohv1 Ilqdoo|/ wkh prgho grhv dovr
uhvroyh wkh Fdpsehoo*v vwrfn pdunhw yrodwlolw| sx}}oh1
Nh|zrugv = Kdelw irupdwlrq dqg gxudelolw|/ htxlw| suhpld/ yrodwlolw| ri wkh
lqwhuwhpsrudo pdujlqdo udwh ri vxevwlwxwlrq/ Kdqvhq dqg Mdjdqqdwkdq erxqg/ sur0
mhfwlrq phwkrg1
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￿HXUHTxd0xqlyhuvlw￿ gh Sdulv L1
Pdlvrq ghv Vflhqfhv Hfrqrpltxhv/ 439￿445 Eg1 gh o*K￿slwdo/ :897: Sdulv Fhgh{ 46/ Iudqfh1 H0pdlo =
rdfCxqly0sdulv41iu/ W h o=3 47 73 :; 54 6 /I d {=3 47 73 :; 56 4 1
L dp lqghewhg wr Ideulfh Froodug zkr surylghg ph khoixo frpphqwv derxw wkh frpsxwdwlrq ri wkh prgho1
L dovr wkdqn Wkhswlgd Vrsudvhxwk iru xvhixo vxjjhvwlrqv1
44L q w u r g x f w l r q
Wklv sdshu lv prwlydwhg e| wzr hpslulfdo lvvxhv = wkh htxlw| suhplxp sx}}oh dqg wkh
ulvn0iuhh udwh sx}}oh1 Phkud dqg Suhvfrww ^4<;8` vkrz wkdw Yrq Qhxpdqq0Prujhqvwhuq
suhihuhqfhv lq wkh fdslwdo dvvhw sulflqj prgho +FDSP, frxog qrw h{sodlq kljk htxlw|
suhplxp/ xqohvv djhqwv duh h{wuhpho| ulvn dyhuvh1 Rqh uhvsrqvh wr wkh htxlw| suhplxp
s x } } o hl vw rd f f h s ww k h v hk l j ky d o x h vi r uw k hf r h ! f l h q w vr iu h o d w l y hu l v nd y h u v l r q 1K r z h y h u /
Zhlo ^4<;<` dujxhv wkdw wklv ohdgv wr d vhfrqg sx}}oh1 Kh vkrzv wkdw d orz ulvnohvv
lqwhuhvw udwh lv srvvleoh rqo| li djhqwv kdyh qhjdwlyh udwh ri wlph suhihuhqfh/ lq d vwdqgdug
frqvxpswlrq0edvhg dvvhw sulflqj prgho1 Wklv lv wkh ulvn0iuhh udwh sx}}oh1 Rqh ri wkh
u h d v r q vs x wi r u z d u gi r uw k h v hs x } } o h vk d ve h h qw k ho d f nr iy d u l d e l o l w |r iw k hl q w h u w h p s r u d o
pdujlqdo udwh ri vxevwlwxwlrq +LPUV, ri frqvxpswlrq/ uhodwlyho| wr wkh kljk yduldelolw|
ri dvvhw uhwxuqv/ jlyhq sodxvleoh ulvn dyhuvlrq dqg glvfrxqw idfwru ydoxhv1 Iru qxpehu ri
dxwkruv4/r q hz d |w rj h q h u d w hy d u l d e l o l w |l qw k hL P U Vl vw ru h o d {w k hk | s r w k h v l vr iw l p h 0
vhsdudelolw| ri wkh uhsuhvhqwdwlyh djhqw*v xwlolw|/ e| lqwurgxflqj kdelw shuvlvwhqfh1 Wkh|
vkrz wkdw wkh sxuh kdelw shuvlvwhqfh prgho fdq h{sodlq wkh htxlw| suhplxp sx}}oh dw
do r zo h y h or if x u y d w x u h 1K r z h y h u /w k l vp r g h od o v rl p s o l h vd qk l j k o |y r o d w l o hL P U Vd q g
vr dq kljko| yrodwloh dvvhw uhwxuqv1 Fdpsehoo ^4<<<` fdoov wklv wkh vwrfn pdunhw yrodwlolw|
sx}}oh1 Wkh| dovr vkrz wkdw lqwurgxflqj vxevwlwxwlrq ri frqvxpswlrq ryhu wlph lq wkh
wlph dgglwlyh prgho uhgxfhv wkh yrodwlolw| ri wkh LPUV dqg vr wkh yrodwlolw| ri wkh dvvhwv
uhwxuqv1 Wkhuhiruh d qdwxudo zd| wr vroyh wkh Fdpsehoo*v vwrfn pdunhw yrodwlolw| vhhpv
wr lqwurgxfh vxevwlwxwlrq hhfwv lq wkh sxuh kdelw shuvlvwhqfh prgho1 Khdwrq ^4<<8` kdv
douhdg| lqwurgxfhg wkh erwk hhfwv lq wkh wlph dgglwlyh prgho1 Kh irxqg xvlqj prqwko|
gdwd +4<8</404<;3/45, wkdw wkh prgho fdq h{sodlq hlwkhu dq kljk yrodwlolw| lq dvvhw uhwxuqv
ru wkh htxlw| suhplxp phdq1 \hw/ wkh prgho uhsurgxfhv uhodwlyho| suhflvho| wkh vwdqgdug
ghyldwlrq ri wkh erqg uhwxuq1 Kh surfhhghg e| dvvxplqj wkdw glylghqg vwuhdp fruuhvsrqgv
wr dq djjuhjdwh vwrfn uhwxuq1 L fkrrvh wr uhh{dplqh wkh wkuhh sx}}ohv e| xvlqj dqqxdo
gdwd +4;;<04<<8, lq wkh prgho dqg e| uhhvwdeolvklqj wkh xvxdo olqn ehwzhhq frqvxpswlrq
dqg glylghqg wr eh dv forvh dv srvvleoh wr wkh k|srwkhvhv ri Phkud dqg Suhvfrww1
D surmhfwlrq phwkrg lv lpsohphqwhg wr vroyh wkh prgho1 Iurp wkhvh vlpxodwlrqv
wzr frpsohphqwdu| h{shulphqwv duh fduulhg rxw wr vhh li wkh prgho frxog h{sodlq wkh
X1V htxlw| suhplxp lq wkh 4;;<04<<8 shulrg1 Iluvw/ L h{dplqh wkh lpsolfdwlrqv ri wkh
vxevwlwxwlrq dqg kdelw shuvlvwhqfh hhfwv dqg wkh frpelqdwlrq ri wkh erwk hhfwv ryhu wkh
yrodwlolw| ri wkh LPUV1 Wkh Kdqvhq dqg Mdjdqqdwkdq ^4<<4` erxqg dqg wkh Fhffkhwwl/
Odp/ dqg Pdun ^4<<7` whvw duh lpsohphqwhg wr h{sodlq wkrvh hhfwv1 Wkh h{shfwhg hhfwv
rq wkh LPUV yrodwlolw| duh irxqg1 Lq dgglwlrq/ L qg wkdw lqfuhdvlqj wkh kdelw shuvlvwhqfh
4Zh frxog ￿qg rwkhu dqdo|vhv ri prghov zlwk lqwhuqdo ru h{whuqdo kdelw shuvlvwhqfh lq Deho ^4<<3‘/
Fdpsehoo dqg Frfkudqh ^4<<<‘/ Frfkudqh dqg Kdqvhq ^4<<5‘/ Frqvwdqwlqlghv ^4<<3‘/ Kdqvhq dqg Mdjdq0
qdwkdq ^4<<4‘/ Vxqgduhvdq ^4<;<‘/ iru h{dpsoh1 Vhh Nrfkhuodnrwd ^4<<9‘ iru d vxuyh|
5uhgxfhv wkh yrodwlolw| ri wkh LPUV/ uhodwlyho| wr wkh yrodwlolw| ri wkh prgho zkhuh wkh
kdelw hhfwv glh rxw diwhu rqh shulrg1 Wkhq/ L whvw li wkh prgho*v lpsolfdwlrqv frqfhuqlqj
wkh yrodwlolw| ri wkh LPUV duh vdwlvhg1 L qg wkdw wkh LPUV lpsolhg e| wkh prgho
vwdwlvwlfdoo| fdq w wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Vhfrqg/ L vwxg| wkh fdsdflwlhv
ri wkh prgho ri wwlqj wkh phdq dqg wkh vwdqgdug ghyldwlrq ri wkh dvvhw uhwxuqv1 Wklv
vwxg| lv fduulhg rxw uvw e| wkh vlpxodwlrqv ri wkh phdqv dqg wkh vwdqgdug ghyldwlrqv ri
w k hd v v h wu h w x u q vl p s o l h ge |w k hs x u hk d e l wi r u p d w l r qp r g h o 1L iw k hk d e l wh  h f w vg l hr x w
diwhu rqh shulrg/ kdelwv lqfuhdvh erwk wkh htxlw| suhplxp phdq dqg wkh yrodwlolw| ri wkh
d v v h wu h w x u q v 1L id qk l j k h ug h j u h hr ik d e l ws h u v l v w h q f hl vf r q v l g h u h g /w k hh t x l w |s u h p l x p
phdq dqg wkh yrodwlolw| ri wkh dvvhw uhwxuqv duh voljkwo| uhgxfhg uhodwlyho| wr wkh suhylrxv
prgho1 Krzhyhu/ wkh yrodwlolwlhv duh xquhdvrqdeo| kljk lq wkh erwk fdvhv1 Frqvhtxhqwo|/
wkh vxevwlwxwlrq hhfwv duh lqwurgxfhg lq wkh sxuh kdelw irupdwlrq prgho dqg wkh suhylrxv
prphqwv duh vlpxodwhg1 L qg wkdw vxevwlwxwlrq hhfwv uhgxfh wkh phdqv dqg wkh vwdqgdug
ghyldwlrqv ri dvvhw uhwxuqv1 Ilqdoo|/ L qg wkdw wkh prgho/ zklfk h{klelwv vxevwlwxwlrq dqg
frpsohphqwdulw| hhfwv/ fdq h{sodlq wkh htxlw| suhplxp dqg wkh yrodwlolw| ri wkh wzr
uhwxuqv dw d orz ohyho ri fxuydwxuh1
Wkh sodq ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq/ L rxwolqh wkh prgho dqg
wkh dvvhw sulflqj hqylurqphqw1 Lq vhfwlrq 6/ L suhvhqw wkh phwkrgrorj| xvhg wr vroyh wkh
prgho1 Wkhq/ wkh uhvxowv duh suhvhqwhg lq vhfwlrq 7/ dqg vhfwlrq 8 frqfoxghv wkh sdshu
zlwk vrph uhpdunv derxw srwhqwldo h{whqvlrqv1
5 Wkh prgho
L frqvlghu d vlqjoh0djhqw hfrqrp| zlwk iulfwlrqohvv pdunhwv dqg qr wd{hv1 Wkh dvvxpswlrq
ri d vlqjoh0djhqw hfrqrp| lv vwdqgdug dqg lv pdgh lq wkh vslulw ri Oxfdv ^4<:;` dqg Fr{ M
dqg Urvv ^4<;8`1 Wkh uhsuhvhqwdwlyh djhqw kdv suhihuhqfhv ryhu d jrrg 7|/ fdoohg vhuylfh/









c : fcVi 7| G | 'f cc2cj +4,
zkhuh q lv wkh djhqw*v vxemhfwlyh wlph glvfrxqw idfwru/ .fE lv wkh pdwkhpdwlfdo h{0
shfwdwlrq rshudwru frqglwlrqdo rq lqirupdwlrq lq shulrg }hur1 7| lv prghoohg xvlqj wkh
vshflfdwlrq ri Ihuvrq dqg Frqvwdqwlqlghv ^4<<4` dqg Khdwrq ^4<<8` =
7| ' 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Wkh sdudphwhu B phdvxuhv wkh ghjuhh wr zklfk frqvxpswlrq lv vxevwlwxwdeoh ryhu wlph1
Iru dq kljk ydoxh ri B/ wkh vxevwlwxwlrq hhfw lv kljk1 7| lv dovr d ixqfwlrq ri d zhljkwhg




|3￿3￿1 Lw phdvxuhv wkh kdelw vwrfn dqg w
jlyhv wkh ghjuhh ri kdelw shuvlvwhqfh1 Wkh sdudphwhu k jlyhv wkh sursruwlrq ri kdelw vwrfn
wkdw hqwhuv lqwr wkh suhihuhqfhv1 Wkxv/ wlph qrq0vhsdudelolw| lq suhihuhqfhv lv lqwurgxfhg
ryhu wkh frqvxpswlrq jrrgv |/ vxfk dv wkh suhihuhqfhv glvsod| erwk =
l, vxevwlwxwlrq ri frqvxpswlrq ryhu wlph/
ll, kdelw shuvlvwhqfh1
Wkh lqwurgxfwlrq ri kdelw shuvlvwhqfh hhfwv pdnhv frqvxpswlrq frpsohphqwdu| ryhu
wlph1 Wklv prgho lv fdoohg wkh frpsohwh prgho1 Wkh frpsohwh prgho fdq eh ghfrpsrvhg
lq irxu rwkhu prghov1 Wkxv/ li w 'f / wkhq wkh prgho lv mxvw d rqh0shulrg kdelw shuvlv0
whqfh prgho/ dv lw zdv vwxglhg e| Ihuvrq dqg Frqvwdqwlqlghv ^4<<4`1 Ixuwkhu/ li k 'f c
wkhq xwlolw| ixqfwlrq lv wlph0vhsdudeoh lq frqvxpswlrq  rz/ dqg wkh prgho uh hfwv rqo|
vxevwlwxwlrq ri frqvxpswlrq ryhu wlph1 Lw lv wkh lqqlwh gxudeoh prgho1 Li B 'f /w k h q
wkh prgho glvsod|v rqo| kdelw hhfw1 Lw lv wkh lqqlwh kdelw shuvlvwhqfh prgho1 Ilqdoo|/
li k ' B ' w 'f c wkhq wkh prgho uhgxfhv wr wkh xvxdo fdvh ri wkh wlph dgglwlyh prgho1
Wkhuhiruh/ yh prghov fdq eh vwxglhg1
Frpelqlqj +6, dqg +5, lpsolhv wkdw 7| lv jlyhq e|
7| '
  u
E  BuE wu
| ' MEu|c +7,
zkhuh  ' w n kE  w/d q gu lv wkh odj rshudwru1 ME5 lv d sro|qrpldo vxfk dv wklv
prgho glvsod|v vxevwlwxwdelolw| iru orz 5 dqg kdelw shuvlvwhqfh iru kljk 51W k x v /l iB	w c
dqg li k lv qrw wrr odujh/
￿3￿5
E￿3B5￿E￿3w5￿ zloo eh srvlwlyh iru orz 5 dqg vr wkh prgho zloo
glvsod| gxudelolw|1 Wkhq/ dv idu dv 5 zloo ehfrph kljkhu/ ME5 zloo eh srvlwlyh1 Wkxv/
kdelw shuvlvwhqfh zloo grplqdwh gxudelolw|1 Wkdw lv wkh uhdvrq zk| Khdwrq suhvhqwv wkh
prgho dv d prgho zklfk h{klelwv orfdo vxevwlwxwlrq dqg orqj0uxq kdelw shuvlvwhqfh1
Wkh uhsuhvhqwdwlyh djhqw wudghv erwk lq d rqh0shulrg erqg zlwk d ulvn0iuhh sd|r dqg
d rqh0shulrg ulvn| htxlw| wkdw gholyhuv d udqgrp glylghqg (| dw hdfk shulrg1 Ohw sc|/ ec|
eh uhvshfwlyho| wkh erqg dqg wkh htxlw| sulfhv dw shulrg | wkdw |lhog uhvshfwlyho| rqh xqlw
ri frqvxpswlrq jrrg dqg E(|n￿ n ec|n￿ xqlwv ri frqvxpswlrq1 Ghqrwlqj 8| dqg .| eh
uhvshfwlyho| wkh dprxqw ri erqgv dqg htxlwlhv wkdw lv sxufkdvhg lq shulrg | d q gk h o gx q w l o
shulrg | ne |w k hu h s u h v h q w d w l y hd j h q wd q g| klv frqvxpswlrq1 Wkh exgjhw frqvwudlqw
lv jlyhq e|
sc|n￿8|n￿ n ec|n￿.|n￿ n |n￿ 'E (|n￿ n @c|n￿.| n 8| +8,
7Wkh uhsuhvhqwdwlyh djhqw pd{lpl}hv klv lqwhuwhpsrudo xwlolw| ixqfwlrq vxemhfw wr +7, dqg
+8,1 Wkh djhqw vroyhv wkh pd{lpl}dwlrq sureohp e| ghwhuplqlqj frqwlqjhqw sodqv iru |c









Wkh ohiw kdqg vlgh ri +9, lv wkh pdujlqdo xwlolw| frvw ri frqvxplqj rqh xqlw ri qxphudluh
jrrg ohvv dw wlph | > wkh uljkw0kdqg vlgh lv wkh h{shfwhg pdujlqdo xwlolw| ehqhw iurp
lqyhvwlqj wkh xqlw lq wkh ulvn| dvvhw dw wlph |/ vhoolqj lw dw wlph |niru E
￿ec|n￿n(|n￿
￿ec|  xqlwv/
dqg frqvxplqj wkh surfhhgv1 Wkh djhqw htxdwhv pdujlqdo frvw dqg pdujlqdo ehqhw/ vxfk
dv +9, ghvfulehv wkh rswlpxp1 Li zh glylgh erwk wkh ohiw dqg wkh uljkw kdqg vlghv ri +9,











' .| d-7|n￿-ec|n￿oc +:,
zkhuh -7|n￿ lv LPUV ru wkh vwrfkdvwlf glvfrxqw idfwru/ dqg -ec|n￿ lv wkh jurvv uhdo udwh








dqg wkh lqwhusuhwdwlrq lv wkh vdph dv wkh Hxohu htxdwlrq ri wkh htxlw|1
Lq wklv prgho wkh pdujlqdo xwlolw| ri frqvxpswlrq/ \|/ lv d ixqfwlrq ri wkh pdujlqdo
xwlolw| dqg wkh h{shfwhg pdujlqdo xwlolw| ri 7|/ |1 Zh jhw wkh iroorzlqj Hxohu htxdwlrq
\| ' |  q.| d|n￿o +<,
zkhuh |/ wkh pdujlqdo xwlolw| ri 7|c lv d ixqfwlrq ri |n￿ dqg |n2 vxfk dv
| ' 7
3￿
| n q EB n w.| d|n￿o  q
2 EBw.| d|n2o +43,
Pdunhw fohdulqj ixuwkhu lpsrvhv | ' (|c ;|1
Wkhuhiruh/ wkh hfrqrp| lv ghvfulehg e| d yhfwru ri wzr vwdwh yduldeohv ~| 'E 7|c7 |3￿/
dqg d yduldeoh ri dq h{rjhqrxvo| jlyhq vkrfn (|1 Wkh vwrfkdvwlf glylghqg hyroyhv wkurxjk
wlph dffruglqj wr
(|n￿ ' %|n￿(|
zkhuh %| lv wkh jurvv jurzwk udwh ri glylghqg1 Lw lv jryhuqhg e| d uvw0rughu Pdunry
surfhvv51 Wkh uhsuhvhqwdwlyh djhqw uhfhlyhv hlwkhu wkh kljk glylghqg/ lq zklfk fdvh % lv
5Wklv surfhvv doorzv wkh dssduhqw qrq0vwdwlrqdulw| revhuyhg lq wkh shu fdslwd frqvxpswlrq vwuhdp
ryhu wkh vdpsoh shulrg1
8htxdo wr %￿/ ru uhfhlyhv wkh orz glylghqg lq zklfk fdvh % lv htxdo wr %,1 Iroorzlqj Phkud
dqg Suhvfrww ^4<;8`/ wkh Pdunry fkdlq lv jlyhq e|
%￿ ' n D n jc %, 'nD  j
Z￿c￿ ' Z,c, ' Zc Z,c￿ ' Z￿c, ' Z
zkhuh Z@c@￿ ghqrwhv wkh wudqvlwlrq suredelolw| iurp vwdwh @ 5i ,cj wrzdug @￿ 5i ,cj1
Wkh wudqvlwlrq pdwul{ lv dvvxphg wr eh v|pphwulf1 Ghqrwlqj D eh wkh dyhudjh uhdo jurzwk
udwh ri shu fdslwd frqvxpswlrq/ j eh wkh vwdqgdug ghyldwlrq ri wkh uhdo jurzwk udwh ri
shu fdslwd frqvxpswlrq dqg Z '
E￿34￿
2 c zkhuh 4 lv wkh uvw0rughu vhuldo fruuhodwlrq ri
wklv jurzwk udwh1 Dv lq Phkud dqg Suhvfrww ^4<;8`/ wkh glylghqg jurzwk duh fkrvhq wr
pdwfk wkh phdq/ wkh vwdqgdug ghyldwlrq/ dqg wkh uvw0rughu dxwrfruuhodwlrq ri wkh XV uhdo
jurzwk udwh ri shu fdslwd frqvxpswlrq/ lq wkh 4;<404<<8 shulrg1 Dsshqgl{ E ghvfulehg
wkh gdwd1 Wkh iroorzlqj fdoleudwlrq lv rewdlqhg = D 'f ffHe2cj'f fc dqg Z 'f e1
Wr hpslulfdoo| lqyhvwljdwh wkh surshuwlhv ri wklv prgho/ L pxvw uvw dvvhvv wkh pdujlqdo
xwlolw| ri |1 Wkh vroxwlrq wr wkh htxdwlrq +44,/ dorqj zlwk +45,/ ghqh {| z k l f kw k h qf d q
eh xvhg wr vroyh +9, dqg +;, iru dvvhw sulfhv1 Xqiruwxqdwho|/ L fdqqrw dqdo|wlfdoo| vroyh
wkhvh ixqfwlrqdo htxdwlrqv1 Lq wkh qh{w vhfwlrq/ wkh qxphulfdo phwkrg dssolhg wr vroyh
wkh prgho lv suhvhqwhg1
6 Vroylqj phwkrg
Wkh prgho suhvhqwhg deryh lv d ixqfwlrq ri d qrq0vwdwlrqdu| yduldeoh (|1W k hp r g h of d q
hdvlo| eh wudqviruphg wr d v|vwhp ri htxdwlrqv wkdw frqwdlqv rqo| vwdwlrqdu| yduldeohv1
Wr vhh wklv/ ghqh doo qrq0vwdwlrqdu| yduldeohv uhodwlyho| wr glylghqg61 Wkh uvw rughu
frqglwlrqv ri wkh sureohp fdq wkhq eh zulwwhq dv











































6Dqdo|wlfdoo|/ wkh gh dwlrqv duh vxfk dv vw @ Vw
Gw/ |w @ \w








/ dqg sh>w @
Sh>w
Gw 1
Iurp qrz rq/ orzhu fdvh yduldeohv duh xvhg wr ghqrwh yduldeohv wkdw duh jurzwk udwhv ru yduldeohv wkdw
duh uhodwlyh wr glylghqg1
9zkhuh b| dqg >| uhsuhvhqw wkh gh dwhg srolf| yduldeohv dqg Rec| wkh gh dwhg htxlw| sulfh1
Wkh uhfxuvlyh htxdwlrq ri 7| lv dovr wudqviruphg vxfk dv wkhuh duh rqo| vwdwlrqdu| yduldeohv
lq lwv h{suhvvlrq1 Dsso|lqj wkh pdunhw fohdulqj uhvwulfwlrq/ wkh uhfxuvlyh surshuwlhv ri wkh
jrrg vhuylfh duh jryhuqhg e| wkh iroorzlqj ixqfwlrqv






+|n￿ ' r| +48,
Lq wklv hfrqrp|/ wkh vwdwh yduldeohv duh r|/ r|3￿/dqg %|1 Vroylqj wkh prgho lqyroyhv fkdu0
dfwhul}lqj wkh pdujlqdo xwlolw| ixqfwlrqv ri r dqg S/ dqg wkh dvvhw sulfh ixqfwlrqv/ Rec|
dqg sc|1 Wkhvh yduldeohv kdyh wr vdwlvi| wkh Hxohu htxdwlrqv +44,/ +45,/ +46,/ +47,/ dqg
wkh uhfxuvlyh surshuwlhv ri r1 Wkh prgho lv vroyhg uho|lqj rq wkh surmhfwlrq phwkrg +vhh
Mxgg ^4<<;` dqg Fkulvwldqr dqg Ilvkhu ^5333`,1 Dsshqgl{ D ghvfulehg wkh dojrulwkp1
Wr dssur{lpdwh >|/ L xvh wkh ixqfwlrq 	 >Erc+c%(*%/z k h u h*% lv dq xqnqrzq yhfwru ri
sdudphwhuv dqg 	 >E lv d sro|qrpldo fkrvhq iurp wkh fodvv ri Fkhe|vkhy sro|qrpldov1
Vlploduo|/ L xvh wkh ixqfwlrq 	 Re Erc+c%(% wr dssur{lpdwh wkh gh dwhg htxlw| sulfh1
Lq wkh prgho/ wkh pdujlqdo xwlolw| ri vhuylfh >| ghshqgv rq fxuuhqw h{shfwdwlrqv ri
pdujlqdo xwlolw| ri r pruh wkdq rqh shulrg dkhdg/ zklfk gr pdnh wkh frpsxwdwlrqdo
uhvroxwlrq kdughu1 Jlyhq wklv frpsxwdwlrqdo gl!fxow|/ wkh iroorzlqj lwhudwlrq vfkhph lv
xvhg wr qg *% dqg % =
Vwhs 41 L dssur{lpdwh wkh pdujlqdo xwlolw| ri v1 Wkdw lv/ rewdlq sdudphwhu ydoxhv iru )%1
Vwhs 5 Jlyhq sdudphwhu ydoxhv ri )% rewdlqhg lq wkh uvw vwhs/ L vroyh wkh zkroh sureohp1
Wkdw lv/ L erwk dssur{lpdwh wkh pdujlqdo xwlolwlhv ri r dqg S/ dqg wkh dvvhw sulfhv1
Vr L qg sdudphwhu ydoxhv iru )% dqg #%1
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 c ' ,c +4:,
dqg wkh h{shfwhg uhwxuqv duh
-￿ 'f D-￿c%, nf D-￿c%￿c iru  ' ec s
:7W k h u h v x o w v
Lq wklv vhfwlrq/ L fduu| rxw wzr frpsohphqwdu| h{shulphqwv wr vhh zhwkhu wkh suhylrxv
prgho fdq h{sodlq wkh X1V ulvn suhpld lq wkh shulrg 4;;<04<<81 Iluvw/ L whvw wkh prgho*v
lpsolfdwlrqv lq whup ri yrodwlolw| ri wkh LPUV1 Vhfrqg/ L dqdo|}h wkh wlph0vhulhv surshuwlhv
ri wkh frpsohwh prgho e| ghfrpsrvlqj wkh kdelw shuvlvwhqfh dqg wkh vxevwlwxwlrq hhfwv1
Vshflfdoo|/ L frpsxwh wkh uvw dqg wkh vhfrqg hpslulfdo prphqwv iru d sduwlfxodu vhw ri
sdudphwhu ydoxhv/ dqg L frpsduh wkhvh prphqwv zlwk wkhlu hpslulfdo frxqwhusduw1 Wkhq/
L fkrrvh wkh vhw ri sdudphwhu ydoxhv wkdw ehwwhu uhsolfdwh wkh wzr revhuyhg prphqwv1 L
frpsxwh wkh prphqwv zlwk d vlpxodwhg gudz ri ffff revhuydwlrqv/ glvfduglqj wkh uvw
Dff vlpxodwlrqv1 Lq wkh uvw sduw ri wklv vhfwlrq/ L suhvhqw wkh uhvxowv frqfhuqlqj wkh
yrodwlolw| ri wkh LPUV1 Lq wkh vhfrqg sduw ri wkh vhfwlrq/ wkh wlph0vhulhv surshuwlhv ri wkh
frpsohwh prghov duh uhsruwhg1
714 Wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1
Dffruglqj wr Frqvwdqwlqlghv ^4<<3`/ wkh htxlw| dqg wkh ulvn0iuhh sx}}ohv rffxu lq wkh wlph
dgglwlyh prgho ehfdxvh ri wkh odfn ri yduldelolw| ri wkh LPUV uhodwlyho| wr wkh vwurqj
yrodwlolw| ri wkh dvvhw uhwxuqv1 Lq wklv vhfwlrq/ L vwxg| wkh hhfwv ri gxudelolw| dqg kdelw
rq wkh yrodwlolw| ri wkh LPUV1 Wkh Kdqvhq dqg Mdjdqqdwkdq ^4<<4` phwkrg lv fduulhg
rxw wr vwxg| wkhvh hhfwv1 Kdqvhq dqg Mdjdqqdwkdq ^4<<4` ghulyhg d orzhu erxqg rq wkh
yrodwlolw| ri wkh LPUV wkdw fruuhfwo| sulfhv wkh dvvhwv71W k h e r x q g l v g h q r w h g e | K M 1
Rqh dgydqwdjh ri wkhlu surfhgxuh lv wkdw wkh erxqg wkh| frqvwuxfw pdnhv qr uhihuhqfh
wr d sduwlfxodu prgho1 Lw lv vroho| fdofxodwhg iurp dvvhw uhwxuqv gdwd1 Wr hvwlpdwh wkh
erxqg/ htxlw| dqg erqg uhwxuqv duh frqvlghuhg1 L xvh wkh -sc| c dqg wkh -ec| ghvfulehg
lq wkh gdwd dsshqgl{ dqg wzr dgglwlrqdo duwlfldo uhwxuqv/ -ec|3￿-sc| c- sc|3￿-ec| c zklfk
sulfhv duh uhvshfwlyho| -ec|3￿c- sc|3￿% | 'E -ec|c- sc| c- ec|3￿osc| c- sc|3￿-ec|  lv wkh yhfwru
ri dvvhw uhwxuqv dqg ^| 'E  cc- ec|3￿c- sc|3￿ lv wkh yhfwru ri dvvhw sulfhv1 L h{whqg wklv
ylvxdo phwkrg e| lpsohphqwlqj d vwdwlvwlfdo surfhgxuh iru mxgjlqj zkhwkhu wkh frpsohwh
prgho ri wkh suhylrxv vhfwlrq lv deoh wr vwdwlvwlfdoo| w wklv orzhu erxqg1 L xvh khuh wkh
phwkrgrorj| ri Fhffkhwwl/ Odp/ dqg Pdun ^4<<7` wr shuirup wkh vwdwlvwlfdo lqihuhqfh1
Wkhlu vwdwlvwlf phdvxuhv wkh yhuwlfdo glvwdqfh/ odehohg {c ehwzhhq d vdpsoh sdlu E>￿cj ￿
dqg wkh orzhu erxqg KM j%/z k h u h>￿ dqg j￿ uhvshfwlyho| uhsuhvhqw wkh hpslulfdo phdq
dqg vwdqgdug huuru ri d sduwlfxodu U-71 Wkh fdqglgdwh LPUV lv uhmhfwhg li lwv vdpsoh
sdlu vljqlfdqwo| olhv ehorz wkh erxqg1 Lq rughu/ wr hydoxdwh zkhwkhu wkh glhuhqfh lv
7Lq wklv sdshu/ wkh srvlwlylw| uhvwulfwlrq rq wkh LPUV lv qrw lpsrvhg wr frpsxwh wkh orzhu erxqg1
;odujh/ wkh| frpsxwh wkh iroorzlqj vwdwlvwlf =





















zkhuh { kdv dv|pswrwlfdoo| jdxvvldq glvwulexwlrq zlwk phdq f dqg yduldqfh j2
{/d q ge Pw
lv wkh hvwlpdwhg fryduldqfh pdwul{ ri wkh sdudphwhu w/v x f kd vw '

>^c> %cP%
￿  Khuh/ >^
lv wkh phdq yhfwru ri wkh irxu dvvhw sulfhv/ dqg >%cP% duh uhvshfwlyho| wkh phdq yhfwru
dqg fryduldqfh pdwul{ ri wkh 2  2 dvvhwv sd|rv1 Lq sudfwlfh/ L frpsxwh 	 w/d q g	 Pw e|
jhqhudol}hg phwkrg ri prphqwv xvlqj wkh uvw wzr prphqwv ri dvvhw uhwxuqv dqg wkh
uvw prphqw ri dvvhw sulfhv81 Wkh fryduldqfh pdwul{ 	 Pw lv wkh Qhzh| dqg Zhvw ^4<;:`
fryduldqfh pdwul{ hvwlpdwru1 Wkhvh frpsohphqwdu| phwkrgv duh lpsohphqwhg iru wkh
frpsohwh prgho dqg lwv vshfldo fdvhv1
Dv qrwhg e| Kdqvhq dqg Mdjdqqdwkdq ^4<<4`/ wkh wlph dgglwlyh prgho lv qrw deoh
wr jhqhudwh hqrxjk yrodwlolw| lq wkh LPUV iru orz ohyho ri 1 Wklv dovr wkh fdvh khuh1
Wkh whvw ri wkh yrodwlolw| erxqg uhvwulfwlrqv uhsruwv wkdw d  dv odujh dv 53 fdqqrw w
vwdwlvwlfdoo| wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Zkhq L frqvlghu d prgho lq zklfk rqo|
wkh gxudelolw| hhfw lv wdnlqj lqwr dffrxqw +k ' w 'f ,/ wkh yrodwlolw| ri wkh LPUV jrhv
vljqlfdqwo| grzq1 Iru h{dpsoh/ zkhq B 'f D/d q g '2 f c wkh vwdwlvwlf ri wkh whvw ri
wkh yrodwlolw| erxqg uhvwulfwlrqv lv htxdo wr 061<76/ djdlqvw rqo| 06168 iru wkh vdph ydoxh
ri  dqg B 'f 1I x u w k h u /d vB jrhv xs/ wkh yrodwlolw| idoo1 Wkhvh uhvxowv duh frqvlvwhqw zlwk
Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Ihuvrq dqg Frqvwdqwlqlghv ^4<<4`/ dqg Khdwrq ^4<<8`1
\hw/ khuh wkh gurs ri yrodwlolw| ri wkh LPUV lv vwuhqjwkhqhg ehfdxvh wkh gxudelolw| hhfwv
gr qrw glh rxw diwhu rqh shulrg1
Dq rssrvlwh hhfw fdq eh rewdlqhg e| frqvlghulqj d prgho zklfk h{klelwv rqo| kdelw
hhfwv + B 'f ,1 Iluvw/ vxssrvh wkdw kdelw hhfwv glh rxw diwhu rqh shulrg +w 'f ,1 Iru wklv
nlqg ri prgho/ d  '2 c dqg k 'f  jhqhudwh dq LPUV vx!flhqwo| kljk wr vwdwlvwlfdoo|
w wkh Kdqvhq dqg Mdjdqqdwkdq erxqg1 Ixuwkhu/ lqfuhdvhv lq k gr vljqlfdqwo| jrhv xs
wkh yrodwlolw| ri wkh LPUV1 Iru h{dpsoh/ zkhq  '2 c dqg k 'f / wkh yrodwlolw| ri wkh
LPUV lv htxdo wr 5136(/ iru k 'f D/ wkh yrodwlolw| lv htxdo wr 4;15;(1 Wkh wdeoh 4 uhsruwv
ydoxhv ri wkh vwdwlvwlfv ri wkh whvw ri wkh yrodwlolw| erxqg uhvwulfwlrqv dqg wkh S0ydoxhv ri
wkh whvwv ri wkh k|srwkhvlv wkdw wkh glvwdqfh ehwzhhq wkh vhfrqg prphqw ri wkh LPUV dqg
wkh Kdqvhq dqg Mdjdqqdwkdq erxqg lv ohvv wkdq ru htxdo wr }hur djdlqvw wkh dowhuqdwlyh





















<wkdw lw lv srvlwlyh1 Wkh whvwv duh lpsohphqwhg iru k udqjhv iurp 3138 wr 317 lq lqfuhphqwv
ri 31381 Iru q ' cB'f c' /dy d o x hr ik kljkhu wkdq 3158 lv qhhghg wr vwdwlvwlfdoo|
w wkh erxqg1 Lq dgglwlrq/ dv k ehfrphv odujhu/ wkh yrodwlolw| lv vwurqjhu1 Vr lpsrvlqj
kdelw irupdwlrq lqfuhdvhv vljqlfdqwo| wkh yrodwlolw| ri wkh LPUV1 Wklv lv frqvlvwhqw zlwk
wkh uhvxowv ri Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Frfkudqh dqg Kdqvhq ^4<<5`/ Ihuvrq dqg
Frqvwdqwlqlghv ^4<<4`/ Jdoodqw/ Kdqvhq/ dqg Wdxfkhq ^4<<3`/ dqg Khdwrq ^4<<8`1 Vr/ d
vx!flhqwo| kljk sursruwlrq ri kdelw vwrfn lv qhhghg wr w wkh KM erxqg1
Zkhq w lv glhuhqw iurp }hur +vr wkh kdelwv hhfwv gr qrw glh rxw diwhu rqh shulrg,/
wkh htxdwlrqv +44,/ +45,/ dqg wkh g|qdplf ri r| kdyh wkh iroorzlqj irup
b| ' r
3￿





























|32 n  +53,
Wkh wdeoh  uhsruwv wkh vwdwlvwlfv ri wkh whvw ri wkh yrodwlolw| erxqg uhvwulfwlrqv/ dqg lwv
fruuhvsrqglqj S0ydoxh iru lqqlwh shulrg kdelw shuvlvwhqfh prgho1 Lq wklv wdeoh/ w fdq
dovr wdnh wzr ydoxhv = 314/ dqg 31:1 Dv iru wkh rqh0shulrg kdelw prgho dqg iru hdfk ydoxhv
ri w/l q f u h d v l q jk whqgv wr lqfuhdvh wkh yrodwlolw| ri wkh LPUV1 \hw iru k frqvwdqw/ dv w
ehfrphv odujhu/ wkh yrodwlolw| ri wkh LPUV jrhv grzq1 Iru h{dpsoh/ zkhq w 'f ./y d o x h v
ri k orzhu wkdq 317 duh qrw deoh wr |lhog dq LPUV wkdw w wkh KM erxqg1 Zkhuhdv/ zkhq
w 'f c w k hq x ok | s r w k h v l vl vd f f h s w h gi r udy d o x hr ik 'f 1
Wdeoh 4 = Uhvxowv ri whvwv ri wkh yrodwlolw| erxqg uhvwulfwlrqv/ q’￿cB ’fc￿ ’￿￿
k
Aer| r|@|r|S E  @,e
w 'f
Aer| r|@|r|S E  @,e
w 'f 
Aer| r|@|r|S E  @,e
w 'f .
3138 0513:7 Effbf. 0513:7 EffbfS 05138; Effb.b
314 05134: Eff2HS 0513;3 EffH.b 05135; Eff2f
3148 041<6: Eff2SH 05133< Eff222. 051359 Eff2H
315 041;54 Effe2 041;5; Eff.. 041;87 Effb
3158 041977 EffDffH 041:76 EffefSH 041;75 Eff2..
316 041693 EffHSH. 0417<8 EffS.e. 041;;5 Eff2bbD
3168 031;:; Efbff 04153; EfS 041:57 Effe2.
317 0314:; Efe2b2 031:3:< Ef2bD 0414:4 Ef2fb
Qrwhv = <833 revhuydwlrqv ri wkh vlpxodwhg vhulhv duh xvhg wr fdofxodwh wkh prphqwv ri LPUV1
Vr/ lqfuhdvh wkh kdelw shuvlvwhqfh hhfw uhgxfh wkh yrodwlolw| ri wkh LPUV1 Wklv uhvxow lv
glhuhqw iurp wkh uhvxow ri Khdwrq ^4<<8`1 Khdwrq irxqg wkdw odujhu ydoxhv ri w whqg wr
lqfuhdvh wkh yrodwlolw| ri wkh LPUV1 Wr xqghuvwdqg krz grhv lw rffxu/ frqvlghulqj uvw
wkh prgho zkhuh k 'f D/ w 'f f/d q gq vhwv wr xqlw|1 Qrwlfh wkdw iru wklv sdudphwhu















r| *   febD%
3￿
| +56,
Iru wklv sdudphwhu vhwwlqj/ wkhvh wkuhh htxdwlrqv duh yhu| forvhg wr wkrvh ri wkh rqh0
shulrg kdelw shuvlvwhqfh prgho1 Lq wklv nlqg ri prgho/ Jdoodqw/ Kdqvhq/ dqg Wdxfkhq
^4<<3` vkrzhg wkdw wkh odujhu ydoxh ri k/ wkh kljkhu yrodwlolw| ri LPUV1 Khuh/ kE  w
lv dozd|v orzhu wkdq kc +febD 	 fD,1 Wkhuhiruh/ lqwurgxflqj d orz ghjuhh ri kdelw
shuvlvwhqfh xsshu wkdq rqh shulrg voljkwo| uhgxfhv wkh yrodwlolw| ri wkh LPUV uhodwlyho| wr
wkh rqh shulrg kdelw shuvlvwhqfh prgho1 Qrwlfh dovr wkdw iru d kljk ydoxh ri w/ iru h{dpsoh

























|32 n  *   fffD%
3￿
| +58,
Qrwh dovr wkdw zkhq k lv orz/ wkh pdujlqdo xwlolw| ri frqvxpswlrq ri wkh rqh0shulrg kdelw
shuvlvwhqfh prgho lv dssur{lpdwho| htxdov wr r
3￿
| /z k h u hr| ' k%
3￿
| 1 Wkhuhiruh/ wkh
wzr suhylrxv htxdwlrqv duh yhu| forvhg wr wkh fruuhvsrqglqj htxdwlrqv ri wkh rqh0shulrg
kdelw irupdwlrq prgho zkhuh k 'f ffD1V r /w k hk l j k h uw/ wkh orzhu yrodwlolw| ri LPUV1
Jlyhq wkhvh suhylrxv hhfwv/ L dvn zhwkhu wkh frpsohwh prgho fdq |lhog dq LPUV
vx!flhqwo| kljk wr w wkh KM erxqg1 Iljxuh  sorwv wkh Kdqvhq dqg Mdjdqqdwkdq erxqg
ri wkh frpsohwh prgho1 Lw lv uhsuhvhqwhg e| wkh X0vkdshg uhjlrq1 Wkh jxuh uhsuhvhqwv
wkh vwdqgdug ghyldwlrq erxqg/ r|_EU-7c dv d ixqfwlrq ri wkh phdq ri wkh LPUV/
.EU-71 Wkh jxuh  dovr sorwv wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv ri wkh
U-7/i r ug l  h u h q wy d o x h vr iqc c Bc wc kWkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg
gudz ri ffff revhuydwlrqv/ glvfduglqj wkh uvw Dff vlpxodwlrqv dqg zlwk q ' cw'f Hc
k 'f S1W k h s d u d p h w h u B lv doorzhg wr wdnh wkuhh ydoxhv = f2/ fe/ fS1I x u w k h u / l q
wkh sorw wkh sdudphwhu  udqjhv iurp 2 wr eD lq lqfuhphqwv ri fD1 Wkh jxuh  vkrzv
wkdw wkh yrodwlolw| ri wkh U-7 lqfuhdvhv/ exw wkh phdq ghfuhdvhv dv  lqfuhdvhv/ iru B
htxdov wr fe/ fS Wkhuhiruh/ wkh wuldqjohv EB 'f e dqg wkh vwduv EB 'f S pryh dzd|
iurp wkh dgplvvleoh uhjlrq Zkhuhdv/ iru B htxdov wr f2c wkh soxv jhw qhduhu wr wkh KM
erxqg1 Qhyhuwkhohvv/ wkh prgho iru wklv vshflfdwlrq gr qrw jhqhudwh hqrxjk yrodwlolw| lq
wkh U-7/ wr w wkh KM erxqg1
44Iljxuh 4= KM erxqg dqg wkh vlpxodwhg phdq0vwdqgdug ghyldwlrq sdluv
Qrwh = Wkhvh prphqwv duh frpsxwhg zlwk d vlpxodwhg gudz ri 43333 revhuydwlrqv/ glvfduglqj wkh ￿uvw
833 vlpxodwlrqv dqg zlwk ￿/ ￿ / ￿ uhvshfwlyho| htxdo wr 4/ 31;/ dqg 319/ iru ￿ htxdov wr 315/ 317/ 319
dqg udqjlqj iurp 5 wr 718 lq lqfuhphqwv ri 3181
Iru wkh vdph sdudphwhu vhwwlqjv/ wkh yrodwlolw| erxqg whvw lv lpsohphqwhg1 Iru B vhwv
wr 317/ dqg 319/ wkh prgho lv qrw deoh wr jhqhudwh d vx!flhqwo| kljk yrodwlolw| wr w wkh
KM erxqg1 Zkhuhdv/ zkhq B 'f 2/d q g 'e / wkh whvw vwdwlvwlf lv htxdo wr 0317;4; dqg
lwv fruuhvsrqglqj S0ydoxh lv 3164831 Wkhuhiruh/ dowkrxjk wkh vlpxodwhg phdq0vwdqgdug
ghyldwlrq sdluv ri wkh U-7 iru wklv odwwhu sdudphwhu vhwwlqj gr olh ehorz wkh KM erxqg
lq wkh jxuh 4/ wkh glvwdqfh lv qrw vljqlfdqw1 Vr hyhq zlwk vxevwlwxwlrq hhfw/ wkh
frpsohwh prgho fdq w wkh KM erxqg dqg vr wkh prgho fdq fruuhfwo| sulfh wkh dvvhwv1
Qhyhuwkhohvv/ wkh vxevwlwxwlrq hhfw vkrxog eh orz1
715 Wkh htxlw| suhplxp dqg wkh ulvn0iuhh udwh sx}}ohv
Lq wklv vhfwlrq/ L vwxg| wkh fdsdflwlhv ri wkh frpsohwh prgho ri wwlqj wkh phdq dqg wkh
vwdqgdug ghyldwlrq ri wkh revhuyhg dvvhwv uhwxuqv1 Wr xqghuvwdqg krz wkh frpsohwh prgho
fdq h{sodlq wkh htxlw| suhplxp sx}}oh/ L ghfrpsrvh wkh hhfwv ri vxevwlwxwlrq dqg kdelw
shuvlvwhqfh1 Wkxv/ wkh lqqlwh gxudeoh prgho/ wkh rqh0shulrg kdelw shuvlvwhqfh prgho/ dqg
wkh lqqlwh shulrg kdelw shuvlvwhqfh prgho duh vwxglhg1 Iru hdfk srvvleoh vhw ri sdudphwhu
ydoxhv/ wkh wzr prphqwv ri hdfk prgho duh vlpxodwhg1 Wkhq/ wkh vhw ri sdudphwhuv ydoxhv
zklfk jhqhudwhv d ulvn0iuhh uhwxuq phdq orzhu wkdq I/ dqg dq htxlw| uhwxuq phdq odujhu
wkdq DI duh sxw dvlgh1 Ixuwkhupruh/ wkh sdudphwhu ydoxhv wkdw jhqhudwhv d qhjdwlyh
vlpxodwhg pdujlqdo xwlolw| ri frqvxpswlrq duh uxoh rxw1
45Wkh lqqlwh gxudeoh prgho +k ' w 'f ,/
Wkh prgho fdqqrw w wkh revhuyhg phdq dqg vwdqgdug ghyldwlrq1 Iru h{dpsoh/ iru B vhwv
wr f dqg d ydoxh ri  orzhu wkdq H/ wkh prgho lv xqdeoh wr jhqhudwh dq htxlw| suhplxp
phdq xsshu wkdq I1 Zkhuhdv/ wkh wlph dgglwlyh prgho |lhogv dq htxlw| suhplxp ri
41<7(/ iru  vhwv wr H1 Vr/ gxudelolw| vxevwdqwldoo| uhgxfhv wkh htxlw| suhplxp phdq1
Iru odujhu ydoxhv ri fxuydwxuh sdudphwhu dqg B vwloo vhwv wr f/ wkh htxlw| suhplxp jrhv xs/
exw lw lv vwloo orz1 Iru h{dpsoh/ d  ' Hfdqqrw jhqhudwh dq htxlw| suhplxp kljkhu wkdq
2I1D q gd vB ehfrphv odujhu/ dq kljkhu  lv qhhghg wr jhqhudwh dq htxlw| suhplxp deryh
I1I r uB vhwv wr fD/ wkh prgho jhqhudwh dq htxlw| suhplxp deryh I/l i lv deryh eS1
Wkhuhiruh/ wkh srvlwlyh hhfw ri  rq wkh htxlw| suhplxp lv rxwfodvvhg e| wkh qhjdwlyh
hhfw ri wkh vxevwlwxwlrq hhfw1 Vlplodu uhvxowv duh irxqg lq wkh rqh0shulrg gxudelolw|
prgho +vhh Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Ihuvrq dqg Frqvwdqwlqlghv ^4<<4`,1 Khuh/
wkh qhjdwlyh hhfw rq wkh htxlw| suhplxp lv vwuhqjwkhqhg e| wkh lqqlwh vxevwlwxwlrq
hhfw ri frqvxpswlrq ryhu wlph1 Pruhryhu/ wkh lqwurgxfwlrq ri vxevwlwxwlrq uhgxfhv wkh
yrodwlolw| ri wkh dvvhw uhwxuqv1 Qrwh wkdw lq wkh wlph dgglwlyh prgho/ lqfuhdvlqj wkh uhodwlyh
ulvn dyhuvlrq frh!flhqw pdnhv dvvhw uhwxuqv pruh yrodwloh1 Khuh/ wkh hhfw lv zhdnhqhg
e| wkh vxevwlwxwlrq hhfw1 Iru h{dpsoh/ iru B vwloo vhwv wr f/d q g udqjlqj iurp H
wr H/ wkh yrodwlolw| ri wkh htxlw| dqg erqg uhwxuqv rqo| lqfuhdvhv uhvshfwlyho| e| fH
dqg f.H shufhqwdjh srlqw/ djdlqvw uhvshfwlyho| DDS dqg eD shufhqwdjh srlqw lq wkh wlph
dgglwlyh prgho1 Vr/ dv idu dv  jrhv xs/ wkh vwdqgdug ghyldwlrq ri wkh dvvhw uhwxuqv vwd|
uhodwlyho| frqvwdqw1 Vr/ B vorz grzq wkh yrodwlolw| ri wkh dvvhw uhwxuqv1 Wklv lv frqvlvwhqw
zlwk wkh uhvxowv ri Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Ihuvrq dqg Frqvwdqwlqlghv ^4<<4`/
dqg Khdwrq ^4<<8`1
Wkh rqh0shulrg kdelw shuvlvwhqfh prgho +B ' w 'f ,
Wkh prgho fdq w wkh revhuyhg phdqv ri wkh dvvhw uhwxuqv1 Krzhyhu/ wkh rqh0shulrg
kdelw shuvlvwhqfh prgho |lhogv dq xquhdvrqdeo| kljk yrodwlolw| iru dvvhw uhwxuqv1 Wkh
wdeoh 5 uhsruwv wkhvh wzr hhfwv1 Wkh lqwurgxfwlrq ri wkh kdelw irupdwlrq lq wkh wlph0
vhsdudeoh prgho kdv wzr hhfwv1 Wkh uvw rqh lv wr lqfuhdvh wkh vlpxodwhg phdq ri wkh
htxlw| suhplxp1 Iru h{dpsoh/ d  d vo l w w o hd v3 1 5d q gdk 'f H jhqhudwh d phdq ri
htxlw| suhplxp deryh 2I1 Ixuwkhu/ dv wkh kdelw sdudphwhu ehfrphv odujhu/ wkh htxlw|
suhplxp lqfuhdvhv1 Iru h{dpsoh/ zkhq wkh fxuydwxuh sdudphwhu lv vhw wr /d q gk htxdo
wr 314/ 315/ 316/ 317/ 318/ wkh prgho uhvshfwlyho| |lhogv htxlw| suhplxp ri 31;9(/ 4175(/
5186(/ 8137(/ dqg 441:;(1 Wkh vhfrqg hhfw lv wr gudpdwlfdoo| lqfuhdvhv wkh yrodwlolw| ri
wkh dvvhw uhwxuqv1 Ixuwkhu/ lqfuhdvlqj wkh kdelw hhfw pdnhv dvvhw uhwxuqv pruh yrodwloh1
Fhffkhwwl/ Odp/ dqg Pdun ^4<<7`/ Ihuvrq dqg Frqvwdqwlqlghv ^4<<4`/ dqg Khdwrq ^4<<8`
irxqg wkh vdph uhvxow1 Fdpsehoo ^5333` fdoov wklv wkh vwrfn pdunhw yrodwlolw| sx}}oh1 Iru
h{dpsoh/ zkhq  ' / k 'f e/ wkh prgho h{klelwv dq htxlw| dqg d erqg uhwxuqv ri
<139( dqg 7134(/ exw dovr vwdqgdug ghyldwlrqv ri 6;13<( dqg 5719:( uhvshfwlyho|1 Iru
w k hv d p hf x u y d w x u ho h y h od q gk 'f D/ wkh vwdqgdug ghyldwlrqv ri hdfk dvvhw uhwxuqv
46lqfuhdvhv uhvshfwlyho| e| 4f. dqg DSS shufhqwdjh srlqw1
Wdeoh 5 = Wkh rqh0shulrg kdelw shuvlvwhqfh prgho B’w’f/ q’￿/ ￿’￿￿￿￿
k 314 315 316 317 318
phdq -e  -s 31;9 4175 5186 8137 441:;
vwg -e :177 44154 4:164 6;13< 7;135
vwg -s 6195 917; 431<5 5719: 63167
Wkh lqqlwh shulrg kdelw shuvlvwhqfh prgho +B 'f ,
Wklv prgho lv dovr d sxuh kdelw irupdwlrq prgho zklfk glvsod|v lqqlwh kdelw shuvlvwhqfh1
Wkh lqwurgxfwlrq ri dq kljkhu shuvlvwhqfh hhfw kdv wzr hhfwv1 Wkh uvw rqh lv wr uhgxfh
wkh dvvhw uhwxuqv dqg vr wkh htxlw| suhplxp1 Iru h{dpsoh/ zkhq / k htxdo uhvshfwlyho|
wr / fD/d q gw htxdov 314/ wkh prgho jhqhudwhv dq htxlw| suhplxp ri 43198(/ djdlqvw
441:; lq wkh rqh0shulrg kdelw shuvlvwhqfh prgho1 Lq dgglwlrq/ dv w ehfrphv kljkhu/ wkh
htxlw| suhplxp vorzv grzq1 Zkhq wkh shuvlvwhqfh sdudphwhu htxdov wr 317/ 318/ 319/ 31:/
wkh prgho uhvshfwlyho| jhqhudwhv htxlw| suhplxp ri ;159(/ :18;(/ 91;<(/ dqg 9144(1 Doo
wkhvh uhvxowv duh uhsruwhg lq wkh wdeoh 61 Wkh vhfrqg hhfw lv wr uhgxfh wkh yrodwlolw| ri
wkh dvvhw uhwxuqv1 Lq dgglwlrq dv w ehfrphv kljkhu/ wkh yrodwlolw| ehfrphv orzhu1 Krzhyhu/
wkh yrodwlolw| vwloo uhpdlqv kljk1 Iru h{dpsoh/ zkhq / k htxdo uhvshfwlyho| wr / fD/
wkh yrodwlolwlhv ri wkh htxlw| dqg wkh erqg uhwxuqv duh uhvshfwlyho| 7;135(/ dqg 63167(
lq wkh rqh0shulrg kdelw prgho1 Lq wkh lqqlwh kdelw irupdwlrq prgho/ w htxdov 317/ wkh
yrodwlolwlhv duh 76143(/ dqg 5916<(1 Iru kljkhu kdelw shuvlvwhqfh hhfw/ w htxdov 31:/ wkh
yrodwlolwlhv duh 5718:(/ dqg 43183(1 Wkhuhiruh dv lq wkh suhylrxv vxevhfwlrq/ lqfuhdvlqj
wkh kdelw shuvlvwhqfh hhfw uhgxfhv wkh yrodwlolwlhv ri wkh dvvhw uhwxuqv uhodwlyho| wr wkrvh
ri rqh0shulrg kdelw shuvlvwhqfh prgho1
Wdeoh 6 = Wkh lq￿qlwh shulrg kdelw shuvlvwhqfh prgho B’f/ q’￿/ ￿’￿￿￿ck ’f￿D￿
w 3 1 73 1 83 1 93 1 :
phdq -e  -s ;159 :18; 91;< 9144
vwg -e 76143 63138 5:16< 5718:
vwg -s 5916< 48134 451:5 43183
W k hf r p s o h w hp r g h o
Wkh lqwxlwlrq ehklqg wklv prgho lv wr lqwurgxfh gxudelolw| lq wkh lqqlwh kdelw irupdwlrq
prgho/ lq rughu wr uhgxfh wkh yrodwlolwlhv ri wkh dvvhw uhwxuqv1 Krzhyhu/ lqwurgxflqj
gxudelolw| zloo dovr uhgxfhv wkh phdq ri wkh htxlw| suhplxp1 Iru h{dpsoh/ zkhq  ' /
k 'f D dqg w 'f S/d q gB vhwv wr 314/ wkh vwdqgdug ghyldwlrqv ri wkh htxlw| dqg wkh
erqg uhwxuqv duh uhvshfwlyho| 4<197( dqg :1;(/ djdlqvw uhvshfwlyho| 5:16:(/ 451:6( lq
wkh lqqlwh shulrg kdelw shuvlvwhqfh prgho1 \hw/ wkh htxlw| suhplxp lv 713<(/ djdlqvw
4791;( lq wkh lqqlwh shulrg kdelw shuvlvwhqfh prgho 1 Vr wr jhqhudwh dq kljkhu htxlw|
suhplxp/ d odujhu k vkrxog eh frqvlghuhg dqg wr uhgxfh wkh ulvh lq yrodwlolw| lpsolhg e|
wkh lqfuhdvh ri k/dk l j k h uB fdq eh frqvlghuhg1 Vr/ iru B 'f 2ck'f S dqg wkh rwkhu
sdudphwhuv uhpdlqlqj frqvwdqw/ wkh htxlw| suhplxp lv 818;( dqg wkh vwdqgdug ghyldwlrqv
ri wkh htxlw| dqg wkh erqg uhwxuqv duh uhvshfwlyho| 551:7( dqg :1;4(1
Ilqdoo|/ wr lqfuhdvh wkh htxlw| suhplxp ri dvvhw uhwxuqv/ L vhw w wr 3181 Vr wkh sdudphwhu
vhwwlqj lv vxfk dv / B/ k dqg w duh uhvshfwlyho| htxdo wr / f2/ fS dqg fD/i r udg l v f r x q w
idfwru vhwv wr xqlw|1 Iluvw/ iru wkhvh sdudphwhu ydoxhv wkh yhuwlfdo glvwdqfh ehwzhhq wkh
vdpsoh sdlu E. dU-7ocT dU-7o dqg wkh orzhu erxqg lv qrw vljqlfdqw1 L rewdlq d
S0ydoxh htxdov wr feHH1 Vr/ wkh dgplvvleoh uhjlrq lv wwhg iru wkhvh sdudphwhu ydoxhv1
Wkhuhiruh/ wklv frqvxpswlrq0edvhg dvvhw sulflqj prgho jhqhudwhv hqrxjk yrodwlolw| lq wkh
LPUV wr fruuhfwo| sulfh wkh dvvhwv1 Dv lw zdv vkrzq lq wkh suhylrxv vhfwlrq/ d kljk
sursruwlrq ri kdelw vwrfn dqg d orz vxevwlwxwlrq hhfw w wkh KM erxqg1 Wkh uvw wzr
prphqwv lpsolhg e| wkhvh sdudphwhu ydoxhv duh uhsruwhg lq wkh wdeoh e1L qw k l vw d e o h /L
uhvshfwlyho| ghqrwh e| oJKr
￿ dqg or￿6
￿ wkh revhuyhg dqg wkh vlpxodwhg dvvhw  uhwxuq1 Wkh
phdqv dqg vwdqgdug ghyldwlrqv ri wkh uhdo uhwxuqv duh uhsruwhg rq dqqxdol}hg edvlv1 Wkh
vlpxodwhg phdq ri uhdo uhwxuqv rq htxlw| dqg erqg duh frkhuhqw frpsduhg wr wkrvh ri
wkh vdpsoh phdqv1 Wkh prgho vwloo xqghuydoxhv wkh phdq ri wkh htxlw| uhwxuq1 Exw wkh
vlpxodwhg phdq ri wkh htxlw| uhwxuq lv qrz frpsdudeoh wr wkh revhuyhg htxlw| uhwxuq1 Lq
dgglwlrq/ wkh vlpxodwhg phdq ulvn0iuhh udwh lv yhu| forvh wr revhuyhg phdq erqg uhwxuq1
Wkh wklug froxpq ri wdeoh e glvsod|v wkh dyhudjh htxlw| suhplxp/ ghqrwhg e| Eoe  os
JKr
iru wkh revhuyhg dqg Eoe  os
r￿6 iru wkh vlpxodwhg htxlw| suhplxp1 Vlpxodwhg htxlw|
suhplxp lv SI shu dqqxp lq wkh prgho/ djdlqvw fbI lq wkh wlph dgglwlyh prgho1
Wkhuhiruh/ frpelqhg hhfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq fdq
w wkh htxlw| suhplxp phdq dw d orz ohyho ri fxuydwxuh1 Wkrxjk/ Khdwrq ^4<<8` qgv
wkdw wkh frpsohwh prgho grhv qrw w wkh htxlw| suhplxp zhoo1


















Qrwh = Wklv wdeoh glvsod|v wkh vdpsoh dqg wkh vlpxodwhg phdqv dqg vwdqgdug ghyldwlrqv ri wkh dvvhw uhwxuqv dqg wkh htxlw| suhplxp1
Wkh vlpxodwhg prphqwv duh rewdlqhg iru ￿/ B/ k dqg w uhvshfwlyho| vhw wr ￿￿￿/ f￿2/ f￿S dqg f￿D/ dqg iru d glvfrxqw idfwru vhwv
wr xqlw|1 43333 revhuydwlrqv ri wkh vlpxodwhg vhulhv duh xvhg wr fdofxodwh wkh vlpxodwhg prphqwv ri dvvhw uhwxuqv1
Wkh revhuyhg dvvhw uhwxuqv prphqwv duh fdofxodwhg iru wkh shulrg 4;;<04<<81
Krzhyhu/ ghvslwh wkh qhjdwlyh hhfw ri wkh vxevwlwxwlrq hhfw rq wkh yrodwlolwlhv ri wkh
dvvhw uhwxuqv/ wkh vlpxodwhg vhfrqg rughu prphqwv duh deryh wkh revhuyhg vhfrqg rughu
prphqwv lq wkh erwk fdvhv1 Qhyhuwkhohvv/ wkh vwdqgdug ghyldwlrq ri wkh ulvn0iuhh udwh vhhpv
48lq olqh zlwk wkh gdwd1 Lw lv d jrrg uhvxow frpsduhg wr wkh rqh0shulrg kdelw shuvlvwhqfh
prgho1 Wkh odwwhu prgho dfwxdoo| lpsolhv h{wuhpho| yrodwloh vwrfkdvwlf glvfrxqw idfwru wr
h{sodlq wkh htxlw| suhplxp sx}}oh1 Wkhuhiruh/ lw jhqhudwhv d yhu| yrodwloh ulvn0iuhh udwh
+vhh deryh,1 Iru h{dpsoh/ zkhq  ' / k 'f Dcw'f S/d q gB 'f c wkh vwdqgdug
ghyldwlrq ri wkh vlpxodwhg ulvn0iuhh udwh lv fI1L q f u h d v l q j B |lhogv d pxfk orzhu
vwdqgdug ghyldwlrq1 \hw/ lw lv vwloo deryh wkh revhuyhg vwdqgdug ghyldwlrq1 Khdwrq ^4<<8`
dovr hvwlpdwhg uhodwlyho| suhflvho| wkh vhfrqg prphqw ri wkh erqg uhwxuq1 Wkhuhiruh/
wkh lqwurgxfwlrq ri orfdo vxevwlwxwlrq vxevwdqwldoo| lpsuryhv wkh prgho*v delolw| wr w wkh
ulvn0iuhh udwh yrodwlolw|1 Lqwurgxflqj vxevwlwxwlrq hhfwv dovr uhgxfhv wkh yrodwlolwlhv ri wkh
htxlw| uhwxuqv1 Iru h{dpsoh/ wkh frpsohwh prgho jhqhudwhv d vlpxodwhg htxlw| yrodwlolw|
efD shufhqwdjh srlqw kljkhu wkdq wkh revhuyhg htxlw| yrodwlolw|/ djdlqvw bS shufhqwdjh
srlqw lq wkh sxuh kdelw irupdwlrq prgho1 Khdwrq ^4<<8` lv fdsdeoh ri h{sodlqlqj wkh kljko|
yrodwloh vwrfn uhwxuq ru wkh htxlw| suhplxp1 Wklv rffxuv dffruglqj wr Khdwrq ehfdxvh wkh
frpsohwh prgho lv uhtxluhg wr w wkh h{wuhpho| orz yrodwlolw| ri wkh prqwko| erqg uhwxuq1
Khuh zlwk wklv dqqxdo gdwd vhw/ wkh vwdqgdug ghyldwlrq ri erqg lv pxfk pruh kljkhu1 Vr/
wkh frqvwudlq wr kdyh d olwwoh yrodwlolw| lq wkh erqg grhv qrw zrun khuh1 Lq dgglwlrq/ wkh
qhjdwlyh hhfw ri dq kdelw shuvlvwhqfh xsshu wkdq rqh shulrg rq wkh yrodwlolw| ri wkh dvvhw
uhwxuqv/ uhodwlyho| wr wkh rqh0shulrg kdelw shuvlvwhqfh prgho/ vwuhqjwkhqv wkh qhjdwlyh
hhfw ri wkh vxevwlwxwlrq hhfw1 Wkhuhiruh/ wkhvh wzr hhfwv khos wr w wkh vwdqgdug
ghyldwlrq ri wkh dvvhw uhwxuqv1 Wdnlqj lqwr dffrxqw wkh dqqxdo gdwd vhw dqg wkhvh grxeoh
qhjdwlyh hhfw/ wkh frpsohwh prgho fdq erwk w wkh vhfrqg prphqw ri wkh dvvhw uhwxuqv
dqg wkh htxlw| suhplxp1
8F r q f o x v l r q
Wkh sxusrvh ri wklv sdshu zdv wr h{dplqh wkh hpslulfdo surshuwlhv ri d qrq0olqhdu vwrfkdv0
wlf g|qdplf prgho zlwk udwlrqdo h{shfwdwlrqv/ lq zklfk wkh uhsuhvhqwdwlyh djhqw lv dvvxphg
wr glvsod| wlph qrq vhsdudeoh suhihuhqfhv1 Vshflfdoo|/ L fduulhg rxw wzr frpsohphqwdu|
vwxglhv wr fkhfn wkh hpslulfdo uhohydqfh ri wkh prgho1 Iluvw/ L xvhg wkh Kdqvhq dqg
Mdjdqqdwkdq erxqg wr fkhfn li wkh frqvxpswlrq edvhg dvvhw0sulflqj prgho zlwk orfdo
vxevwlwxwlrq dqg orqj uxq kdelw shuvlvwhqfh ryhu frqvxpswlrq fruuhfwo| sulfhv wkh dvvhwv1
L irxqg wkdw lqwurgxflqj d orz ghjuhh ri kdelw shuvlvwhqfh xsshu wkdq rqh shulrg voljkwo|
uhgxfhv wkh yrodwlolw| ri wkh LPUV uhodwlyho| wr wkh rqh shulrg kdelw shuvlvwhqfh prgho1
Lq dgglwlrq/ ghvslwh wkh qhjdwlyh hhfwv ri wkh odwwhu hhfw dqg wkh vxevwlwxwlrq hhfw/ wkh
LPUV lpsolhg e| wkh prgho vwdwlvwlfdoo| fdq w wkh Kdqvhq dqg Mdjdqqdwkdq erxqg/ li
wkh ghjuhh ri vxevwlwxwdelolw| lv uhodwlyho| orz dqg wkh sursruwlrq ri kdelw vwrfn lv kljk1
Vhfrqgo|/ L frpsduhg wkh vlpxodwhg wzr uvw rughu prphqwv zlwk wkrvh revhuyhg1 L frq0
foxghg wkdw frpelqhg hhfwv ri vxevwlwxwlrq dqg frpsohphqwdulw| ryhu frqvxpswlrq fdq
h{sodlq wkh htxlw| suhplxp dqg wkh ulvn iuhh udwh sx}}ohv dw d orz ohyho ri fxuydwxuh1 Lq
49dgglwlrq/ L irxqg wkdw wkh lqwurgxfwlrq ri orfdo vxevwlwxwlrq vxevwdqwldoo| lpsuryhv wkh
prgho*v delolw| wr w wkh yrodwlolw| ri wkh dvvhw uhwxuqv/ frpsduhg wr wkh sxuh kdelw shu0
vlvwhqfh prgho1 Ilqdoo|/ wkh prgho grhv uhvroyh wkh Fdpsehoo*v vwrfn pdunhw yrodwlolw|
sx}}oh1
Qrqhwkhohvv/ wkhvh uhvxowv pd| eh lpsuryhg lq wkuhh zd|v1 Iluvw/ L vwxglhg d sdu0
wldo htxloleulxp uhsuhvhqwdwlyh0djhqw prgho1 Lw zrxog eh lqwhuhvwlqj wr frqvlghu wkh vdph
suhihuhqfhv lq d jhqhudo htxloleulxp prgho1 Vhfrqgo|/ L dovr pdlqwdlq wkh dvvxpswlrq ri
krprjhqhrxv djhqwv1 Rqh rwkhu srvvlelolw| zrxog eh wr lqyhvwljdwh d qrq0olqhdu vwrfkdvwlf
g|qdplf prgho zlwk khwhurjhqhrxv djhqwv1 Wklugo|/ L vxssrvh d frpsohwh0pdunhw hfrq0
rp|1 Krzhyhu/ wkh lpsolfdwlrqv ri htxloleulxp lqfrpsohwh0pdunhw hfrqrp| ghvhuyh wr eh
vwxglhg/ ehfdxvh djhqwv zloo eh olplwhg lq wkhlu delolw| wr vprrwk frqvxpswlrq1
4:Uhihuhqfhv
Deho/ D1 +4<<3,= Dvvhw Sulfhv Xqghu Kdelw Irupdwlrq dqg Fdwfklqj xs zlwk wkh Mrqh0
vhv/ D H U sdshuv dqg surfhhglqjv/ ;3/ 6;751
Fdpsehoo/ M1 +4<<<,= Dvvhw Sulfhv/ Frqvxpswlrq/ dqg wkh Exvlqhvv F|fohKdqgerrn ri
Pdfurhfrqrplfv1 Wd|oru/ M dqg Zrrgirug/ P1
+5333,= Dvvhw Sulflqj dw wkh Ploohqqlxp/ Mrxuqdo ri Ilqdqfh/ 88/ 4848489:1
Fdpsehoo/ M1/ dqg M1 Frfkudqh +4<<<,= E| Irufh ri Kdelw = D frqvxpswlrq0Edvhg
H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru/ Mrxuqdo ri Srolwlfdo Hfrqrp|/4 3 : /
5385841
Fhffkhwwl/ V1/ S1 Odp/ dqg Q1 Pdun +4<<7,= Whvwlqj Yrodwlolw| Uhvwulfwlrqv rq
Lqwhuwhpsrudo Pdujlqdo Udwhv ri Vxvwlwxwlrq Lpsolhg e| Hxohu Htxdwlrqv dqg Dvvhwv
Uhwxuqv/ Wkh Mrxuqdo ri Ilqdqfh/ [OL[+4,/ 4564851
Fkulvwldqr/ O1/ dqg M1 Ilvkhu +5333,= Dojrulwkpv iru Vroylqj G|qdplf Prghov zlwk
Rffdvlrqdoo| Elqglqj Frqvwudlqwv/ Mrxuqdo ri Hfrqrplf G|qdplfv dqg frqwuro/5 7 /
44:<45651
Frfkudqh/ M1/ dqg O1 Kdqvhq +4<<5,= Dvvhw Sulflqj H{sorudwlrq iru Pdfurhfrqrplfv/
QEHU Pdfurhfrqrplfv Dqqxdo1 Fdpeulgjh PLW Suhvv1
Frqvwdqwlqlghv/ J1 +4<<3,= Kdelw irupdwlrq = d uhvroxwlrq ri htxlw| suhplxp sx}}oh/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ <3+6,/ 84<8761
Fr{ M/ dqg Lqjhuvroo/ M1/ dqg V1 Urvv +4<;8,= Dq Lqwhuwhpsrudo Jhqhudo Htxloleuxp
Prgho ri Dvvhw Sulfhv/ Hfrqrphwulfd/ 86+5,/ 6;873:1
Ihuvrq/ Z1/ dqg J1 Frqvwdqwlqlghv +4<<4,= Kdelw shuvlvwhqfh dqg gxudelolw| lq
djjuhjdwh frqvxpswlrq/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ 5</ 4<<5731
Jdoodqw/ D1/ S1 Kdqvhq/ dqg J1 Wdxfkhq +4<<3,= Xvlqj Frqglwlrqdo Prphqwv ri
Dvvhw Sd|rv wr Lqihu wkh Yrodwlolw| ri Lqwhuwhpsrudo Pdujlqdo Udwhv ri Vxevwlwxwlrq/
Mrxuqdo ri Hfrqrphwulfv/ 78/ 4744:<1
Jurvvpdq/ V1/ dqg U1 Vkloohu +4<;5,= Frqvxpswlrq Fruuhodwhgqhvv dqg Ulvn Phd0
vxuhphqw lq Hfrqrplhv zlwk Qrq0Wudghg Dvvhwv dqg Khwhurjhqhrxv Lqirupdwlrq/ Mrxu0
qdo ri Ilqdqfldo Hfrqrplfv/ 43/ 4<85431
Kdqvhq/ O1/ dqg U1 Mdjdqqdwkdq +4<<4,= Lpsolfdwlrqv ri vhfxulw| Pdunhw Gdwd iru
Prghov ri G|qdplf Hfrqrplhv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/< < + 5 , /5 5 8  5 9 5 1
4;Khdwrq/ M1 +4<<8,= Dq hpslulfdo lqyhvwljdwlrq ri dvvhw sulflqj zlwk whpsrudoo| ghshq0
ghqw suhihuhqfh vshflfdwlrqv/ Hfrqrphwulfd/ 96+6,/ 9;4:4:1
Mxgg/ N1 +4<<;,= Qxphulfdo Phwkrgv lq Hfrqrplfv1 PLW Suhvv1
Nrfkhuodnrwd/ Q1 +4<<9,= Wkh Htxlw| Suhplxp = Lw*v Vwloo d Sx}}oh/ Mrxuqdo ri
Hfrqrplf Olwwhudwxuh/ 67/ 75:41
Oxfdv/ U1 +4<:;,= Dvvhw Sulfhv lq dq H{fkdqjh Hfrqrp|/ Hfrqrphwulfd/ 67+9,/ 475<
47781
Phkud/ U1/ dqg H1 Suhvfrww + 4 < ; 8 , = W k hh t x l w |s u h p l x p=ds x } } o h / Mrxuqdo ri
Prqhwdu| Hfrqrplfv/ 48/ 4784941
Qhzh|/ Z1/ dqg N1 Zhvw +4<;:,= D Vlpsoh/ Srvlwlyh Ghqlwh/ Khwhurvfhgdvwlflw| dqg
Dxwrfruuhodwlrq Frqvlvwhqw Fryduldqfh Pdwul{/ Hfrqrphwulfd/ 88+6,/ :36:3;1
Vxqgduhvdq/ V1 +4<;<,= Lqwhuwhpsrudoo| ghshqghqw suhihuhqfhv dqg wkh yrodwlolw| ri
frqvxpswlrq dqg zhdowk/ Uhzlhz ri Ilqdqfldo Vwxglhv/ 5/ :6;<1
Zhlo/ S1 +4<;<,= Wkh Htxlw| Suhplxp Sx}}oh dqg wkh Ulvn0Iuhh Udwh Sx}}oh/ Mrxuqdo
ri Prqhwdu| Hfrqrplfv/ 57+5,/ 7347541
4<D Dssur{lpdwlqj wkh srolf| uxohv zlwk wkh surmhf0
wlrq phwkrg
Wkh prgho lv vroyhg uho|lqj rq wkh phwkrg ri zhljkwhg uhvlgxdov +vhh Mxgg ^4<<;`/ dqg
Fkulvwldqr dqg Ilvkhu ^5333`,/ dqg wkh dssur{lpdwlqj ixqfwlrqv duh fkrvhq iurp wkh fodvv
ri Fkhe|vkhy sro|qrpldov1 Wkxv/ li zh frqvlghu wkh pdujlqdo xwlolw| ri vhuylfh/ wkh ds0
sur{lpdwlqj ixqfwlrq lv vxfk dv





)￿￿c%￿￿ Erc+c iru % ' %,c% ￿ +59,
zkhuh ￿￿ Erc+  A￿3￿ E2EEr  r,*Er￿  r,  A￿3￿ E2EE+  r,*Er￿  r,  cA ￿E
dqg A￿EGd co $ dcoc duh Fkhe|vkhy sro|qrpldov/ dqg *% lv d ?r  ?+ yhfwru ri
sdudphwhuv1 L xvh wkh olqhdu wudqvirupdwlrq 2EEr  r,*Er￿  r, lq rughu wr wdnh lqwr
dffrxqw wkdw Fkhe|vkhy sro|qrpldov duh ghqhg lq dco1 Wkh dssur{lpdwlqj ixqfwlrq





'f c iru doo rc+c% 5 dr,cr ￿o  dr,cr ￿o  d%,c% ￿o






'	 >Erc+c%(*%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c iru % ' %,c% ￿
zkhuh L ghqrwh wkh fxuuhqw ydoxh ri %| e| %/ wkh qh{w shulrg*v ydoxh e| %￿ dqg %|n2 e|
%￿￿/ dqg wkh uhfxuvlyh surshuwlhv ri r duh vxppdul}hg e| wkh ixqfwlrq s1W k h s u r e o h p
lv wkhq wr lghqwli| wkh vhw ri sdudphwhuv *%/ iru hdfk vwdwh ri wkh hfrqrp|/ ghqlqj wkh
dssur{lpdwlrq1 Wklv lv xqghuwdnhq xvlqj wkh surmhfwlrq dojrulwkp
Vwhs 41 Frpsxwh 6r  6+ qrghv dw zklfk wkh uhvlgxdo ixqfwlrq zloo eh hydoxdwhg1 Wkhvh
qrghv fruuhvsrqg wr wkh urrwv/ 5r/ 5+ /ri wkh Fkhe|vkhy sro|qrpldov ri rughu 6r6+1




















































V w h s5 1J l y h qd ql q l w l d oj x h v vr i)%/ frpsxwh dw hdfk qrgh wkh uhvlgxdo ixqfwlrq1 Wkh

























'f c iru % ' %6c% ￿ +5:,





Vwhs 71 E| lwhudwlqj ryhu vwhs 5 dqg 6/ qg )% zklfk vhwv wkh 2?r?+ surmhfwlrqv htxdo wr
}hurv1
Wklv v|vwhp fdq eh vroyhg xvlqj wkh yhuvlrq ri Qhzwrq0Udskvrq phwkrg lpsohphqwhg
lq wkh JDXVV urxwlqh/ u7t71
L xvh wkh vdph dojrulwkp wr dssur{lpdwh wkh htxlw| sulfh glylghqg udwlr/ Rec|1D v
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rc+c%(	 >*%c 	 Rec￿%

'	 Re Erc+c%(% 
q.
%#









zkhuh wkh dssur{lpdwlrq ri wkh pdujlqdo xwlolw| ri frqvxpswlrq lv jlyhq e|


















rc+c%(	 >*%c 	 Rec￿%

'f
c iru % ' %,c% ￿
Lg h q r w h	 )% dqg 	 % wkh vroxwlrqv ri wkh suhylrxv v|vwhp1 Wkh uhvroxwlrq lv pdgh dffruglqj
wr wkh lwhudwlrq vfkhph ghvfulehg lq vhfwlrq 61 Wkhq/ wkh erqg sulfh dssur{lpdwlrq iru
wkh vwdwh % lv jlyhq e|
	 s Erc+c%(	 )%'q.
%#









Wkh XV dqqxdo gdwd/ iru wkh shulrg 4;<404<<8/ rq htxlw| pdunhwv dqg pdfurhfrqrplfv
yduldeohv duh wkh Fdpsehoo ^4<<<`*v xsgdwhg yhuvlrq ri wkh gdwd lq Jurvvpdq dqg Vkloohu
^4<;5`1 Wkh vhulhv duh ghvfulehg ehorz =
l , Sulfhv dqg uhdo glylghqgv uhihu wr dqqxdo Vwdqgdug dqg Srru*v frpsrvlwh Vwrfn1 Wkh
sulfh lqgh{ lv glylghg e| wkh Frqvxpswlrq gh dwru1
ll, Wkh djjuhjdwh qrplqdo shu fdslwd frqvxpswlrq ri qrq gxudeohv dqg vhuylfhv dqg
wkh frqvxpswlrq gh dwru uhihu wr wkh vhulhv xvhg e| Jurvvpdq dqg Vkloohu ^4<;5`/
dqg xsgdwhg xvlqj wkh Qdwlrqdo Dffrxqw iurp FLWLEDVH1
lll, Wkh dqqxdo lqwhuhvw udwh vhulhv lv wkh uhwxuq rq 90prqwk frpphufldo sdshu erxjkw lq
Mdqxdu| dqg uroohg ryhu Mxo|1 Wkh Jurvvpdq dqg Vkloohu ^4<;5` vhulhv zdv xsgdwhg
xvlqj wkh frpphufldo sdshu vhulhv lq FLWLEDVH +I\FS vhulhv,1
55